In this paper, we introduce the new classes of Hardy-Rogers type cyclic contractions and prove pertinent fixed point theorems for these Hardy-Rogers type contractions in the generating space of a b-dislocated metric family.
Introduction and preliminaries
Throughout this paper the characters R + and N represent the set of non-negative real numbers and the set of positive integer numbers, respectively. It is well known that Banach's contraction mapping theorem is one of the pivotal results of metric fixed point theory.
Theorem . (Banach []) If (X, d) is a complete metric space and T : X → X is a selfmapping such that d(Tx, Ty) ≤ αd(x, y),
for all x, y ∈ X, where  ≤ α < , then T has a unique fixed point.
Theorem . (Kannan []) If (X, d) is a complete metric space and T : X → X is a selfmapping such that d(Tx, Ty) ≤ β d(x, Tx) + d(y, Ty) , (  )
for all x, y ∈ X, where  ≤ β <  
, then T has a unique fixed point.
Theorem . (Reich []) If (X, d) is a complete metric space and T : X → X is a selfmapping such that d(Tx, Ty) ≤ αd(x, y) + βd(x, Tx) + γ d(y, Ty),
for all x, y ∈ X, where α, β, γ are non-negative constants with α + β + γ < , then T has a unique fixed point.
Theorem . (Chatterjea []) If (X, d) is a complete metric space and T : X → X is a selfmapping such that d(Tx, Ty) ≤ γ d(x, Ty) + d(y, Tx) , (  )
for all x, y ∈ X, where  ≤ γ <  
Theorem . (Ćirić []) If (X, d) is a complete metric space and T : X → X is a selfmapping such that d(Tx, Ty) ≤ αd(x, y) + βd(x, Tx) + γ d(y, Ty) + δ d(x, Ty) + d(y, Tx) , (  )
for all x, y ∈ X, where α, β, γ , δ are non-negative constants with α + β + γ + δ < , then T has a unique fixed point.
Theorem . (Hardy and Rogers []) If (X, d) is a complete metric space and T : X → X is a self-mapping such that d(Tx, Ty) ≤ αd(x, y) + βd(x, Tx) + γ d(y, Ty) + δd(x, Ty) + ηd(y, Tx), ()
for all x, y ∈ X, where α, β, γ , δ, η are non-negative constants with α + β + γ + δ + η < , then T has a unique fixed point.
We note some important consequences as follows:
• The Banach fixed point theorem ensures the existence and uniqueness of fixed points of certain self-maps of metric spaces, and it gives a useful constructive method to find those fixed points.
• It is interesting that Kannan's fixed point theorem is very salient because the author of [] proved that Kannan's theorem describes the completeness of the metric. More readily, a metric space X is complete if and only if each and every Kannan mapping on X has a fixed point. Moreover, the conditions () and () are independent, as was shown by two examples in [].
• Reich generalized the Banach and Kannan fixed point theorems. An example in [] indicates that the condition () is a qualified generalization of () and ().
• A similar Kannan type of contractive condition has been studied by Chatterjea [] . In Theorems . and ., there is no necessity of continuity.
• A mapping satisfying () is called a generalized contraction.
• The importance of the Hardy-Rogers contraction is that this condition generalizes all the known named contractive conditions, but not conversely. 
for all n ∈ N and y ∈ A, then T has a unique fixed point in A ∩ B.
Further, many results dealing with cyclic orbital contractions have appeared in the literature (see, e.g., [, ] 
(ii) For each sequence {α n } n∈N of positive numbers Kumari and Panthi [] introduced the concepts of 'generating space of a b-dislocated quasi-metric family' (abbreviated 'G bdq -family'), 'generating space of b-dislocated metric family' (abbreviated 'G bd -family'), and 'generating space of bquasi-metric family' (abbreviated 'G bq -family'). One also proved the existence of unique fixed point theorems in weaker forms of a generating spaces by using various cyclic contractive conditions. Definition . [] Let X be a non-empty set and {d α : α ∈ (, ]} a family of mappings
family if it satisfies the following conditions for any x, y, z ∈ X and s ≥ .
is non-increasing and left continuous in α.
In this case we write x n → x. . Let (X, d α ) be a G bd -family and let A ⊆ X, x ∈ X. We say that x is a G bd -limit point of A if there exists a sequence {x n } in A -{x} such that lim n→∞ x n = x.
Motivated by all above facts, we introduce the new classes of Hardy-Rogers type contractions and prove some fixed point theorems using various types of Hardy-Rogers contractions in the context of generating space of a b-dislocated metric family. Our main theorems extend and unify existing results in the recent literature. Then we present several examples to illustrate the theorems.
Main results
In this section, we derive some fixed point theorems with examples in the context of a generating space of a b-dislocated metric family.
Definition . Let A and B be non-empty subsets of a G bd -family (X, d α ). A cyclic map T : A ∪ B → A ∪ B is said to be a modified Hardy-Rogers cyclic contraction if we have
where α, β, γ , δ, η, λ, μ ≥  with sα + (s  + s)β + s  γ + δ + η + λ + sμ <  and for all x, y ∈ X. Proof Let x  be arbitrary in X; we define a sequence {x n } as
.
For all n ∈ N, we get
Let n, m ∈ N with m > n, by using the definition of G bd -family, we have
By repeating this process we get
By taking the limits as
Hence {T n x} is a G bd -Cauchy sequence.
. We note that {T n x} is a sequence in A and {T n- x} is a sequence in B such a way that both sequences tend to the same limit u.
Since A and B are closed, we have u ∈ A ∩ B, and then A ∩ B = ∅. Now, we will show that Tu = u. Consider
This implies
Letting n → ∞ in the above inequality (), we get
Thus u = Tu. Hence u is a fixed point of T. Finally, to obtain the uniqueness of a fixed point, let v ∈ X be another fixed point of T such that Tv = v.
Then we have 
where α, β, γ , δ, η, λ, μ ≥  with α + β + γ + δ + η + λ + μ <  and for all x, y ∈ X. Then T has a unique fixed point in A ∩ B.
If we put d instead of d α in the above theorem, we obtain the following corollary in the b-dislocated metric space. 
where α, β, γ , δ, η, λ, μ ≥  with sα + (s  + s)β + s  γ + δ + η + λ + sμ <  and for all x, y ∈ X.
Then T has a unique fixed point in A ∩ B.

Example . Let X = [, ] and T : A
∪ B → A ∪ B defined by Tx = x  . Suppose that A = B = [, ]. Define the function d : X × X → R by d(x, y) = |x -y|  + x  + y  .
Clearly d is a b-dislocated metric on X and also T is cyclic mapping on X since T(A) ⊂ B and T(B) ⊂ A.
Now, consider
Thus T satisfies all the conditions of above corollary and '' is the unique fixed point.
If we put d instead of d α and s =  in the above theorem, we obtain the following corollary in a complete dislocated metric space. 
We can find more interesting results in the view of dislocated metric space (see for example [-]).
Example . Let X = [-, ] and T : A ∪ B → A ∪ B defined by Tx = -x  . Suppose that A = [-, ] and B = [, ]. Define the function
where
Thus T satisfy all the conditions of the above corollary and '' is a unique fixed point. 
Definition . Let
d α T n x, Ty ≤ ϑ d α T n- x, T n x + d α (y, Ty) + d α T n- x, Ty + d α y, T n x + d α T n- x, y .
Theorem . Let A and B be non-empty closed subsets of a complete G bd -family (X, d α ) and T : A ∪ B → A ∪ B be a Hardy-Rogers cyclic orbital contraction. Then T has a unique fixed point z in A ∩ B.
Proof Take x ∈ A. Since T : A ∪ B → A ∪ B is a Hardy-Rogers cyclic orbital contraction,
By repeating the same process, we get
Taking the limits as n → ∞, we get
We now claim that
For m, n ∈ N with m > n, we have
Since sk <  and letting n → ∞, we get
Thus {T n x} is a Cauchy sequence.
Since (X, d α ) is a complete generating b-dislocated metric family, there exists z ∈ A ∪ B such that lim n→∞ T n x = z. Now {T n x} is a sequence in A and {T n- x} is a sequence in B,
and also both converge to z. Since A and B are closed, z ∈ A ∩ B, and so A ∩ B in non-empty. Now consider
Hence z = Tz. Thus z is a fixed point of T. Finally, to prove z is a unique fixed point of T, let us assume, on the contrary, that z * is another fixed point of T, i.e. Tz * = z * .
By the cyclic property of T, we have z, z * ∈ A ∩ B. From the Hardy-Rogers cyclic orbital contraction, we have
Thus z is a unique fixed point of T. This completes the proof of the theorem.
If we put s =  in the above Theorem ., we obtain the following corollary in the generating space of a dislocated metric family. Fix x =  ∈ A and for every y ∈ A, we have
Thus the Hardy-Rogers cyclic orbital contraction,
for each n ∈ N and for each y ∈ A, satisfies for ϑ ∈ (,   ).
Hence from Corollary ., T has the unique fixed point and it is observed that z =  ∈ A ∩ B is the unique fixed point of T. 
. . , T n x =  ∀n, and for every y ∈ [, ] we have
Thus, for each n ∈ N and for each y ∈ [, ] the Hardy-Rogers cyclic orbital contraction,
is satisfied for . ≤ ϑ < .. Thus by Corollary ., T has the unique fixed point in A ∩ B.
In fact '' is the unique fixed point for T.
Definition . Let (X, d α ) be a complete G bd -family. A self-mapping T : X → X is said to be a Hardy-Roger F-contraction if there exists τ >  such that
for all x, y ∈ X with x = y, where γ = , η ≥  such that α + β + γ + sδ + sη =  and F : R + → R is a mapping satisfying the following conditions:
(F ) F is an order embedding, i.e. for all α, β ∈ R + we have
and also sub-additive. Proof For an arbitrary x ∈ X, we establish a sequence {x n } in the following manner:
If there exists n  ∈ N such that d α (x n  , x n  + ) = , then v = x n  is the needed fixed point of T, which completes the proof. Accordingly, we assume that  < d α (x n , x n+ ) for every n ∈ N. Hence we have
From the hypothesis of the theorem, we have Since α + β + γ + sδ + sη = , we obtain
Thus, {d α (x n , x n+ )} ∞ n= is a non-increasing sequence of real numbers which is bounded below. This implies that {d α (x n , x n+ )} ∞ n= converges and 
